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Abstract. We construct an analogue of the Lyndon- Hochschild- 
Serre spectral sequence in the context of polynomial cohomology 
converging to HP*{G). For the polynomial extensions of Noskov 
with normal subgroup isocohomological, the spectral sequence has 
£ 2 -term HP*{Q;HP*(H)). When both H and Q are isocoho- 
mological, G must be isocohomological. By referencing results of 
Connes-Moscovici and Noskov if H and Q are both isocohomo- 
logical and have the Rapid Decay property, then G satisfies the 
Novikov conjecture. 
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1. Introduction 

In j3], Connes and Moscovici verified the Novikov Conjecture for 
word hyperbolic groups by showing that they satisfy two properties. 
The first is the Rapid Decay property of Jolissaint [9], which ensures 
the existance of a smooth dense subalgebra of the reduced group C*- 
algebra. The second property is that every cohomology class can be 
represented by a cocycle of polynomial growth, with respect to some 
(hence any) word-length function on the group. Connes and Moscovici 
show that any group with these two properties satisfies the Novikov 
Conjecture. 
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The polynomial cohomology of a group G, denoted HP*(G; C), ob- 
tained by considering only cochains of polynomial growth, has been of 
interest recently. The inclusion of these polynomially bounded cochains 
into the full cochain complex yields a homomorphism from the poly- 
nomial cohomology to the full cohomology of the group. The second 
property of Connes-Moscovici above is that this polynomial comparison 
homomorphism is surjective. We say that a group G is isocohomologi- 
cal for M if HP*(G; M) is bornologically isomorphic to H*(G; M). A 
group which is isocohomological for the trivial coefficients C is said to 
be isocohomological. This definition of isocohomological differs from 
that found in [TJ]. Meyer's notion is much stronger than that used 
here. 

In [7] Ji defined polynomial cohomology and showed that virtually 
nilpotent groups, are isocohomological. In [11] Meyer showed that 
combable groups are isocohomological. By citing a result of Gersten re- 
garding classifying spaces for combable groups f4J, Ogle independantly 
showed that combable groups are isocohomological. 

For a group extension, O^H^G^Q^O, the Lyndon- 
Hochschild-Serre (LHS) spectral sequence is a first- quadrant spectral 
sequence with E 2 term H*(Q; H*(H)) and converging to H*(G). In 
[T6j . Noskov generalized the construction of the LHS spectral sequence 
to obtain a spectral sequence in bounded cohomology for which, un- 
der suitable topological circumstances, one could identify the E 2 term 
as H£(Q; H£(H)) and which converges to H£(G). Ogle considered the 
LHS spectral sequence in the context of P-bounded cohomology in [TT| . 
However he also needs additional technical considerations to ensure the 
appropriate E 2 term. It is not clear for which class of extensions his 
condition is satisfied. 

In this paper we resolve this issue for polynomial extensions, which 
were proposed by Noskov in [15]. Let £, £h, and £q be word- length 
functions on G, H, and Q respectively, and let 

0^ H ^G ^0 

be an extension of Q by H. Let q \— » q be a cross section of it. 
To this cross section associate a function [•, •] : Q x Q — > H by 
Q1Q2 = <?i<?2[<?i, ^2]- This is the factor set of the extension. The fac- 
tor set has polynomial growth if there exists constants C and r such 
that £h([qi, 92]) < C((l + ^Q(gi))(l + ^gfe))) 7 '■ The cross section also 
determines an "action" of Q on H given by h q = q~ 1 hq. For nonabelian 
groups H this need not be an actual group action but we follow the 
terminology of Noskov. The action is polynomial if there exists con- 
stants C and r such that £ H (h q ) < C£ H {h){l + £ Q {q)) r . Note that if Q 
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is the finite generating set for Q and A is the finite generating set for 
H, then as the generating set for G we will take the set of h G A and 
q for q G Q. 

Definition 1. An extension G of a finitely generated group Q by a 
finitely generated group H is said to be a polynomial extension if there 
is a cross section yielding a factor set of polynomial growth and induc- 
ing a polynomial action of Q on H. 

Our main theorem is as follows. 

Theorem 1. Let 0^H^G—>-Q—>-0bea polynomial exten- 
sion of groups, and let H be isocohomological. There is a bornological 
spectral sequence with = HP P (Q; HP q (H;C)) which converges to 
HP*(G;C). 

Using the methods of [H] Meyer is able to show that this theo- 
rem holds if one uses his notion of isocohomological. This results in a 
stronger conclusion but requires a stronger hypothesis. 

In the case when Q is isocohomological with the appropriate coef- 
ficients, we can compare our spectral sequence with the usual LHS 
spectral sequence, and see that they have isomorphic -E 2 -terms, thus 
the same limits. 

Corollary 1. Let 0—>-H—>-G^Q^0 be a polynomial extension of 
groups. If Q is isocohomological with coefficients HP*(H; C) and H is 
isocohomological, then G is isocohomological. 

This yields a new class of groups for which the isocohomological 
property was previously unknown, as these types of polynomial exten- 
sions need not be virtually nilpotent or polynomially combable. Ap- 
plying a result of Noskov, |15j . regarding the polynomial extension of 
groups with the Rapid Decay property, as well as the results of Connes- 
Moscovici,[3], we obtain: 

Corollary 2. Let 0^>H^G^Q^0bea polynomial group 
extension, let Q be isocohomological with coefficients HP*(H;C), and 
let H be isocohomological. If both Q and H have the Rapid Decay 
property, G satisfies the Novikov conjecture. 

The class of groups which have the Rapid Decay property and are iso- 
cohomological thus contains all virtually nilpotent groups, hyperbolic 
groups, and is closed under polynomial extensions. 

It would be convient to work in the category of Frechet and DF 
spaces, however there are many quotients involved in the construc- 
tion, yielding spaces which need be neither Frechet nor DF. This is 
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the issue Ogle overcomes by use of a technical hypothesis in [T7], and 
it is at the heart of the topological consideration in [16J, to identify 
the .E 2 -terms in their spectral sequences. Moreover, at this point in 
our analysis we need to utilize an adjointness relationship of the form 
H.om(A(&B, C) = Hom(A, Hom(B, C)) which is not true in the category 
of locally convex topological vector spaces. To overcome these obstacles 
we work mostly in the bornological category. A homology on a space is 
an analogue of a topology, in which boundedness replaces openness as 
the key consideration. In this context, we are also able to bypass many 
of the issues involved in the topological analysis of algebraic vector 
spaces. When endowed with the fine bornology, as defined later, an al- 
gebraic vector space is a complete bornological vector space. The finest 
topology yielding a complete topological structure on such a space is 
cumbersome. This bornology allows us to replace analysis of conti- 
nuity in this topology, to boundedness in a finite dimensional vector 
space. This bornological view serves to verify the identification of the 
'iterated' cohomology spaces H*(Q; H*(H; C)) and HP*(Q; HP*(C)). 

In Section [2J we define the relevant concepts from the bornological 
framework of Hogbe-Nlend, and extended by Meyer. Section [3] consists 
of translating the usual algebraic spectral sequence arguments into this 
framework. This is mainly verifying that the vector space isomorphisms 
are in fact isomorphisms of bornological spaces. These will be the main 
tools of our construction. In section H] we define the relevant bornolog- 
ical algebras and define the polynomial cohomology of a discrete group 
endowed with a length function, as well as basic materials for the con- 
struction of our spectral sequence and some of its applications. The 
actual computation is the focus of the final section. 

This work constitutes a portion of my doctoral thesis at Indiana Uni- 
versity Purdue University Indianapolis, under the direction of Ronghui 
Ji. I gratefully thank him as well as Jerry Kaminker, and Crichton 
Ogle for their many discussions and suggestions on these and related 
ideas. 

2. BORNOLOGIES 

Let A and B be subsets of a locally convex topological vector space 
V. A is circled if XA C A for all A G C, | A| < 1. A is a disk if it is both 
circled and convex. A absorbs B if there is an a > such that B C XA 
for all |A| > a. A is absorbent if it absorbs every singleton in V. The 
circled (disked, convex) hull of A is the smallest circled (disked, convex) 
subset of V containing A. For an absorbent set A there is associated 
a semi-norm on on V given by Pa{v) = inf {«>0;ti6 aA}. For 
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an arbitrary subset A, denote Va by the subspace of V spanned by A. 
Then for a disked set A, pa is a semi-norm on Va- A is a completant 
disk if Va is a Banach space in the topology induced by pa- 

Let V be a locally convex topological vector space. A convex vector 
space homology on V is a collection 23 of subsets of V such that: 

(1) For every v G V, {f } G 53 

(2) A C B and 5 G 03 then A G 03 

(3) A, 5 G 23 and A G C, then A + A£? G 03 

(4) Let A G 23, and 5 is the disked hull of A, then £ G 23 

An A G 23 is said to be a bounded subset of V. 

Let and W be two bornological spaces. A map V ^ W is said 
to be bounded if the image of every bounded set in V is bounded in 
W. A bornological isomorphism is a bounded bijection with bounded 
inverse. The collection of all bounded linear maps V — > W is de- 
noted Hom(V, W). There is a canonical complete convex bornology on 
Hom(V, W), given by the families of equi-bounded functions. A family 
U is equi-bounded if for every bounded A C V, U[A] is bounded in VK. 

If W is a bornological space and V C W 7 , then there is a bornology on 
V induced from that on W in the obvious way. A subset A is bounded 
in V if and only if A is bounded as a subset of W. There is also a 
bornology on W/V induced from W. A subset B C W/V is bounded 
if and only if there is a bounded C C W which maps to B under the 
canonical projection W — ► W/V . 

In what follows, we will be most interested in Frechet spaces. For 
a Frechet space F, there is a countable directed family of seminorms, 
|| ■ || n yielding the topology. A set U is said to be von Neumann bounded 
if \\U\\ n < oo for all n. The collection of all von Neumann bounded 
sets forms the von Neumann Bornology on F. This will be our bornol- 
ogy of choice on Frechet spaces, due to the relation with topological 
constructs. For more details, see [6] , [13] . 

Definition 2. A net in a bornological vector space F is a family 1Z of 
disks of F, ei lt i 2t ..,^ k , with k G N, and ij G X, for some countable index 
set X, which satisfy the following conditions: 

(!) F = U ie i e ii and e h,-,ik = U ik+1 ei e h,...,i k ,i k+1 ^ k > 1. 

(2) For every sequence (ik) in X, there is a sequence (^) of positive 
reals such that for each fk G ei lt ...,i k and each pk G [0, i/fc], the 
series YlkLi^kfk converges bornologically in F, and for each 

(3) For every sequence inX and every sequence of positive 
reals, IJfcLi ^fc e ii, is bounded in F. 
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As an example, Hogbe-Nlend shows that every bornological space 
with a countable base has a net. 

Lemma 1. Let F be a bornological vector space with a net, and let V 
be a subspace of F. Then V has a net. 

Proof. Let e il) ... ) j A ,, ij G X, denote the net on F. Then e[ A — V fl 
e h,...,i k is a disk in V, satisfying the conditions. □ 

Lemma 2. Let F be a bornological vector space with a net, and let V 
be a subspace of F. Then F/V has a net. 

Proof. Let e^...^, ij G X, denote the net on F, and let tt : F — > F/V 
be the projection. Let e' ix A = irei lt ,, Ak . That e\ x __ A is a disk follows 
from the linearity of tt. The properties of the net ij, on F, yield 
that e\ x ■ is a net on F/V. □ 

Lemma 3. Let U be a Frechet space. Then Hom(?7, C N ) has a net. 

Proof. For each finite sequence of ordered triples of positive integers 
(ni,Mi,Ki),...,(n k ,M k ,K k ), define b^ ni>Mu K 1 ),...,(n k ,M k ,K k ) to be the 
set of all / G Hom([7, C ) such that for all i between 1 and k, \ f{u)\ < 
M{ for all u G U with ||w||t/,nj < Ki. In this case, Hogbe-Nlend shows 
that bounded homomorphisms are exactly the continuous homomor- 
phisms, and equi-bounded families are precisely the equi-continuous 
families [6]. Thus if W is an equi-bounded family, then for all neigh- 
borhoods V of zero in C^, W 7-1 ^] = fl/ e iy f 1 ^) is a neighborhood 
of zero in U. That is, there exist n\, . . . , n k and K\, . . . , K k such that 
{ueU \ for all 1 < i < k \\u\\u, ni < Ki} is contained in VT -1 [{7]. Then 
for each / G W and for each u in this set, f{u) G V. Let V be the open 
ball of radius 1 in C^, and let n\, . . . , n/- and Ki, . . . , K k be the positive 
integers associated to V as above. Then W C b^ ni ^ > K 1 ),...,(n k ,i,K k )- O n 
the other hand, let B = &(„ li M 1 ,if 1 ),..,K,M tl ^), f e B, M = maxM i; 
and let V be the open ball of radius R in C. Then V — %V where V 
is the open ball of radius M in C*. f~\V) = §r l {V), so if B^V] 
is a neighborhood of zero in U, then so is 5 _1 [V]. Let u G U be such 
that for all 1 < % < k we have ||w||{7 )ni < K^. Then < M, so 

f{u) G V . Let S be the set of all such u G U . It is a neighborhood of 
zero. Moreover f(S) C V so that S C f' 1 {V), whence S C B^V'}. 
This implies that B is an equi-bounded family, so the bornology on 
Hom([/, C N ) has a countable base. The result follows from our earlier 
remark. □ 

Our main use for nets is the following from [6]: 
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Theorem 2. Let E and F be convex bornological spaces such that E 
is complete and F has a net. Every bounded linear bisection v : F — > E 
is a bornological isomorphism. 

Let V and W be bornological vector spaces. The complete projec- 
tive bornological tensor product V^W 7 is given by the following univer- 
sal property: For any complete bornological vector space X, a jointly 
bounded linear map V x W — > X extends uniquely to a bounded map 
VcsdW 7 — > X. Unlike the complete topological projective tensor prod- 
uct on the category of locally compact vector spaces, this bornological 
tensor product admits an adjoint. 

Lemma 4. [H] Hom(V r (g>W / , M) = Hom(V, Hom(W, M)) 



3. Preliminary Results on Bornological Spectral 

Sequences 

This section contains several results from McCleary's book, [10J, 
translated into the bornological framework. The proofs given are al- 
most entirely from McCleary, making changes only to verify that the 
algebraic isomorphisms involved are in fact isomorphisms of bornologi- 
cal spaces. The interested reader should consult [TO] for the definitions 
of a double complex and the total complex of a double complex. 

Let (A, d) be a differential graded bornological module. That is, 
A = ©^1 A n is a graded bornological module, d : A n —> A n+l is a 
degree 1 bounded linear map, with d 2 = 0. Let F be a filtration of 
A which is preserved by the differential, so that for all p, q we have 
d(F p A q ) C F p A q+1 . We also assume that the filtration is decreasing, in 
that . . . C F p+1 A q C FPAi C F p ~ l A q C . . .. Such an (A, F, d) will be 
referred to as a filtered differential graded bornological module. The 
filtration F is said to be bounded if for each n, there is s = s(n) and 
t — t(n) such that 

= F s A n c F s ~ 1 A n C...C F t+1 A n c F l A n = A n 

Lemma 5. For (A, F, d) a filtered differential graded bornological mod- 
ule, there is a spectral sequence of bornological modules {E*'*,d r }, r = 
1,2, .. ., with d r of bidegree (r, 1 - r) and E p,q = H p+q (F p A/F p+1 A) . 
Suppose further that the filtration is bounded. Then the spectral se- 
quence converges to H(A, d), E p 00 q = F p HP +q {A,d)/F p+1 H p+q {A,d). 
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Proof. We begin by fixing some notation. Let 

Z P ' q = F p A p+q nd~\F p+r A p+q+1 ) 
B p : q = F p A p+q n d{F p - r A p+q - 1 ) 

= F p A p+q nkerd 
B™ = F p A p+q nimd 

where each of these subspaces are given the subspace bornology. Let 
d n be the restriction of d : A -> A to d n : A n -> A n+1 . 

These definitions yield the following 'tower' of submodules: 
BP , q c ^ c... C BM C ^ c ...c '« C 

Moreover, 

d(Z p r r > q+r - 1 ) = d{F p ~ r A p+q+1 nd-\F p A p+q ) 

= F p A p+q+1 n d(F p - r A p+? - 1 ) 

= £™ 

From the boundedness condition on the filtration, we have that if 
r > max{s(p + q + 1) — p,p — t(p + q — 1)} then Z P,q = Z™ and 
B P ' q = B™. Thus the sequence will converge. 

For < r < oo, let E p : q = q-\ nP q endowed with the quo- 

Z r-l' + B r-1 

tient bornology. Let r] P,q : Z P < q — > E P ' q be the projection with kernel 
Z^- 1 + B p r ' q v 

d\z p : q ) = B P+r ' q ~ r+1 C Z P+r ' q ~ r+1 and 

d^^-' + S^) = d(Z P ^ q - 1 ) + diB™,) 

r>p+r,q— r+1 

— D r -\ 

C _2'P+ r + 1 ' < 3-'* _|_ j^'P+r,q-r+l 

It follows that d : Z P ' q — > ^ +r, ' ? ~ r+1 induces a differential map d r : 
E P ' q — > E P+r ' q ~ r+1 such that we have a commutative diagram 



7-p+r,g-r+l 
r 



^p+r,q-r+l 



E p ' q — - 

d r 



£jp+r,q-r+l 



It is clear that d 2 r = 0. Let U be a bounded subset of -E'P'' 3 . Then 
there is a [/' bounded in Z P ' q with [/ = r] p : q (U'). As is a bounded 
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map, it follows that d(U') is a bounded subset of Z P+r ' q ~ r+1 . Then 
d r (U) = r] P+r > q ~ r+1 (d(U')) is a bounded subset of E P+r > q - r+1 . Thus 
for all p and q, we have d p,q : E P ' q — > £P+ r >9- r + 1 i s itself a bounded 
map. Now, E r = @ p i^' 9 so that d r = @ p Thus consider 

d r : E r —> E r . Let t/ be bounded in i? r . Then there exist £> p ' 9 is 
bounded in E™ such that U C Pig £ p ' 9 , with B p ' q = for all but 
finitely many pairs (p,q). Then d r (U) C pg d p ' 9 (i3 p ' 9 ) As each of 
these d p ' q are themselves bounded maps it follows that d r is a bounded 
map. 

kerdP' q C -E'r'' 3 , so we can consider (77 p ' 9 ) _1 (ker d p,q ). d p ' q rj P,q = 
v P+ r , q -r+i d go that dP' q (r]P' q z) = if and only if cfe G Z£t[ +1,5_r + 

S P+r,5-r+l_ Thig ig true if Qnly if z e ^ + Thug 

(^^(kerrf™) = + Z^l' q -\ As C ker^', we have 

that kerd p r > q = ^(Z™). 

im^- r * 9+r_1 = r) P ^ q {d{Z p -^ q+r - 1 )) = r) P > q (B P > q ) so that 

(77P> 9 )- 1 (imt^- r ' 9+r - 1 ) = B P > q + kerr] P > q 

= B™ + B v ;\ + Z^' 1 
= B™ + Z p r +l> q - 1 

as B v ;\ C B™. Moreover 

Z^nZ™ = F p+1 A p+q C)d~ l (F p+r A p+q+1 ) 

nF p A p+q n rf~ 1 (F p+r+1 A p+,?+1 ) 

= pp +1 j\p+i (-] d^ 1 (F p+r+1 A p+q+1 ) 
— z p+1 ' q ~ 1 

r 

So that 

z^n^y^imd^^- 1 ) = (B p > q + z^l*- 1 ) n z™, 

= B p > q + 2gX«- x n % 

RP>9 _i_ vp+l,g-l 
r ^ r 

Now, let 7 : Z p '^ -> H p ' q (Ep*,d r ) be the composite 

C ker d p ' 9 A H p ' q (E* r '\ d r ) 

where 7r is the usual projection onto H p ' q (E*'*,d r ) = imd P-r, r q +r-i As 7 
is the composition of two bounded maps, it is clear that 7 is itself a 
bounded map. 
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ker 7 = n (^' 9 )- 1 (imrfP- r ' 9+r - 1 ) = B p t : q + Z p+l ^ q - 1 so that, at 
least algebraically, we have an isomorphism 

^±L- - = E™ = H p > q (E;>*, d r ) 

Br ,q + Zr ' 

The isomorphism is 7' : z + {B™ + ^ 7(2) + (imc^-™-*- 1 ). 

To verify that this map is a bornological isomorphism we must check 
that it and its inverse are both bounded maps. 

Z p ' q 

Let U be a bounded subset of gP , 9+ ^p+i, g -i = -^v+i- Then there is a 

bounded subset U' of such that Vr'+i( U ') = U - l\ U ) = V?' q (U') + 
{\mdv~ r,q+r ~ l ). As r]P' q is a bounded map we have that rff. ,q {U') is a 
bounded set in keid p ' q , so that rj P ' q (U') + {im.d p r ~ r ' q+r ~ l ) is bounded in 
H p > q (E*'*,d r ). It follows that 7' is a bounded map. 

Let : im< ^1t-i - be given by z + (mid™-*- 1 ) ^ 

(?#•*) n Z v r f x + (B™ + ZP+ 1 >9- 1 ). This is the inverse of 7'. To show 
that is bounded, let {7 be a bounded subset of — ™ r r a+r _± ■ There 

im dr 

exists a bounded subset U' of kerd p ' q such that U' + (im ^ _r "' 9+r_1 ) 
contains C/ in k °lf'L-i ■ U' is bounded in E P > q , as kertff>« C E™, 
so there exists a bounded subset U" of Z^' 9 with U' = i] p,q (U"). Thus 
U" + Sf-i + Z%-l' q ~ 1 is the full preimage of U' under rj P,q . So 

(7 7 ^)- 1 (c/')n^f 1 = {/''nz^ + B^n^ + ^'n^i 
= 17" n z p 4, + 77™ + 
c u" n + £™ + 



Thus 



0(f/) c u" n % + (£™ + Z p+1 ' q ~ 1 ) 



in gP , g+ ^p+i, g -i • As f 7 " n is bounded in Z™ x we have that <j>{U) 

Z p ' q 

is bounded in p>q , whence is a bounded map. Therefore we 

have a bornological isomorphism 

E p r ^H^ q {E* r '\d r ) 



Thus we have indeed constructed a spectral sequence of bornological 
modules. All that is left is to identify the E p ' q and E™ terms. 
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We have from our above definitions that Z^ 1 ' 9 1 



d(FP +1 AP +c '- 1 ), and Z p ' q = FPAP +q n d- 1 (F p A p+q+1 ). Then 



yP,<J 

r?p,q _ ^0 

^H-1,5-1 + B p,q 



FPAP+1 r\d- 1 (F p AP +q+1 ) 
Fp+ 1 Ap+i + d(FP+ 1 AP+Q- 1 ) 
ppj^p+q 



JP,1 . T?P,q 

"0 • -^0 



pp+ 1 A p+q 
E p ' q+1 is induced by d : 



F p A p+q+1 , and they 



fit into a commutative diagram 



d 



ppj^p+q+^ 



IT 



IT 



pPAP+i FPAP+Q+ 1 _ +1 

_pp+l^p+g J _pp+1^4p+Q+l ~~ 



where n are the usual projections. It follows that H p ' q (Eo*, do) is the 
homology of the complex {FP A* / F p+1 A* , d ). Thus H p ^{E*'*,d ) = 
H p+q (F p A/FP +1 A). As we have already been able to identify the E p ' q 
term as just H p ' q (EQ*, do) we have a bornological isomorphism 

E p ' q ^H p+q (F p A/F p+1 A) 

Recall that if (A, F, d) is a filtered differential graded bornological 
module, then F induces a filtering on H(A,d), given by F p H(A,d) = 
im{H (inclusion) : H(F P A) -> if (A)}. Let 77™ : Z™ -> and 
7T : ker — > if (A, d) denote the canonical projections. 

F p H p+q (A,d) = HP +q (im(F p A-^ A),d) 
= 7r(F p A p+q n ker d) 



vr(ker^) = tt^ 1 *" 1 + fl™) 
= tt^ 1 -- 1 ) 
= F p+1 H p+q (A,d) 



so that 7r induces a map 



ri ■ E p ' q 



F p H p+q (A,d) 
FP+ l HP+ q (A, d) 
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kerd^ = r ] ™{>K-\F p+1 H p + q {A,d)nZ P i q ) 

= «7r- 1 ((^- 1 + d(A))n^) 

= i&V W 1 *" 1 + 
= o 

Therefore <ioo is injective, hence an algebraic isomorphism. To finish 
this lemma, we must show that d^ is a bornological isomorphism. As 
7i : kerrf -> if (A, d) is bounded and tt(Z^) = F p H p+q (A,d), so that 
we have that the restriction ix : — > F p H p+q (A,d) is a bounded 
surjection. Let C/ be a bounded subset of E™. There is a bounded 
subset U' of Z^ 9 such that r)™(U f ) = U. As 7r is a bounded map, we 
have that n(U') is a bounded subset of F p H p+q (A, d), so that d^U) = 

tt(U') + F p+1 H p+q (A,d) is a bounded subset of Jp+^HP+^iAd) ' w hence 
doc is a bounded map. 

We consider the inverse map. Let 

F p H p+q (A,d) Z™ 



F p + l H p + q (A, d) Z& 1 *- 1 + B, 



p,q 

CO 



be defined by : z + {F p+1 H p+q {A, d)) h-> tt'^z) n Z£? + (Z^ 1 ''" 1 + 
B™). This is the inverse of d^. Let (7 be a bounded subset of 
Fv+^HP+^Ad) • There is a bounded £7' subset of F p H p+q (A,d) which 
maps to U under the canonical projection. As F p H p+q (A, d) is con- 
tained in H p+q (A,d), U' is a bounded subset of H p+q (A,d). There 
exists a bounded subset U" in ker d p+q with U' = U" + (imd p+q - 1 ). 
As [/' is a subset of F p H p+q (A,d) and not just of H p+q (A,d), we can 
assume that U' C kerc^ 9 n F p A p+q + (imc^- 1 ). 

17" C kerd p+q nF p A p+q + imd p+q - 1 
= Z p J + B p J 

Therefore U" is bounded in the subspace + B^, and n(U") = 
U" + (imrf^- 1 ) DU' = U + F p+1 H p+q {A,d). Thus tt- 1 (Z7) C U" + 
imdP +9_1 . 

vr-^^nz^ c u" nz™ + \md p+q - 1 nz p 00 q 
= u"nz p j + B p j 

So that 

ftu) = ^(^n z^ + iz^-' + B^) 
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As U" is bounded in + B™ we have that U" n Z™ is bounded in 
Z™. Thus is a bounded map. □ 

Lemma 6. Given a double complex {M*'*, d', d"} of bornological mod- 
ules and bounded maps, there are two spectral sequences of bornological 
modules, {rEp*,^} and { n Ep*, n d r } with iE%' q = Hj'*Hh(M) and 
n E%' q = HjfHi(M). If M*'* is a first- quadrant double complex, then 
both spectral sequences converge to H*(total(M),d). 

Proof. Consider the following nitrations on (total(M), d). 

Ff(total(M)f = 0ilT'*- r 

r>p 

F^{total{M)f = 0M*- r - r 

r>p 

Fj will be referred to as the column-wise filtration, and Ffj will be 
referred to as the row-wise filtration. Both are decreasing nitrations, 
respected by the differential. As M*'* is first-quadrant, each of these 
nitrations are bounded, and by Lemma [5] we obtain two spectral se- 
quences of bornological modules converging to H(total(M),d). In the 
case of Ff we have 

\Ff +1 (total(M))' 

We thus need to identify the E%'* term. The differential on total(M) 
is given by d = d! + d" so that d'(Ff(total(M))) C Ff +1 (total (M)). 
Then there is a bornological isomorphism 

Ff (total (M)) Y +q ^ MP , q 
Ff +l (total(M))J 

with the induced differential d" . Thus jE p ' g = Hff(M). 
Consider the following maps 

% : H n (F p ) -> ^(F 11 - 1 ) 

j : H n (F p ) -> H n (F p /F p+l ) 

k : H n (F p /F p+1 ) -> H n+1 (F p+1 ) 

d x : H p f(M) -> H p ^' q (M) 

where % is induced by the inclusion F p ~ l — > F p , j is induced by the 
quotient map F p — > F p /F p+l , and is the connecting homomorphism. 
It is clear that i and j are bounded. The k map sends [x + F p+1 ] G 
H n (F p /F p+1 ) to [dx] G H n+l (F p+l ). If C/ is a bounded subset of 
H n (F p / F p+l ) then there is a bounded subset £/' in the kernel of the 
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boundary map d : F p /F p+1 -> F p+1 / F p+2 with U' + (jmd) = U G 
H n (F p /F p+1 ). Then there is U" a bounded subset of F p with [/' = 
U" + F p+1 G F p /F p+1 . As d is a bounded map, d(C/") is a bounded 
subset of F p+1 . It follows that [d{U")\ is bounded in H n+1 (F P+1 ), and 
A; is a bounded map. 

A class in H p+q (F p / F p+1 ) can be written as [x + F p+1 ], where x G F p 
and da; G F p+1 , or it can be written as a class, [z] G Hjf(M), z G M p ''. 

sends [x+F p+1 ] to [da;] G H p+q+1 (F p+1 ) . Taking representative, 
this determines [d'z] G H p+q+1 (F p+1 ) , since d"(z) = 0. Thus we can 
consider d'z as an element of M p+1 ' g . j assigns a class in H p+q+1 (F p+1 ) 
to its representative in H p+q+1 (F p+1 / F p+2 ) . This gives d x = j o k as 
the induced mapping of d! on Hff(M), so di = d'. Thus we have 
!E p 2 ' q = Hf q H*f (M) . Symmetry gives H E p 2 ' q = H™H*>*(M) . □ 



Let G be a discrete group. A length function on G is a function 
£ : G — > [0, oo) such that 

(1) = if and only if (7 = 1q is the identity element of G. 

(2) For all g e G, £(g) = t{g- v ). 

(3) For all (7 and h G G, < 1(g) + 

To a finite generating set S of G, we associate a length function is 
defined by £s(g) = min{n | g = S1S2 ■ ■ ■ s n where Sj G S U S* -1 }. This 
length function depends on 5, but for different choices of S we obtain 
linearly equivalent length functions. We refer to any length function 
obtained in this way as a word-length function. 

Fix some length function £ on G. For each positive integer k and for 
i — 1 and i — 2 define norms on the set of functions : G — > C by 



Let iS^G be the set of all functions / : G — > C such that for all fc, 
||/||i,fc < 00. (S^G is a Frechet algebra in this family of norms, giving 
the structure of a bornological algebra. In what follows, we are solely 
interested in the case of a word-length function on G. In this case 
we denote S^G by SG. Polynomially equivalent length functions yield 
the same S^G algebra, so the particular word-length function used is 
irrelevant. 

Let A be a bornological algebra. A bornological A-module is a com- 
plete locally convex bornological space, along with a jointly bounded 
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A-module structure. A bornological A module is bornologically pro- 
jective if it is a direct summand of bornological module of the form 
A®E for some bornological vector space E, with the left-action given 
by the multiplication in A. An important property of bornologically 
free modules is that Rom A (A®B, C) = Hom(S, C). 

Definition 3. The polynomial cohomology of G with coefficients in a 
bornological SG-module M is given by HP*(G; M) = Ext^C; M). 

Ext here is the usual Ext functor in the bornological category. Notice 
that each of the Ext groups is a complex bornological vector space. 
Meyer shows in [TTJ that this is equivalent to the formulation described 
in the introduction, when the coefficient module is C endowed with the 
trivial iSG-action. Using Ext over the topological category one recovers 
the original definition of Ji from [7], however from Meyer's work, for 
trivial coefficients C, the topological and bornological theories coincide. 

From our earlier formulation, we see that there is a comparison ho- 
momorphism HP*(G;C) — > H*(G;C). An important property with 
applications to the Novikov conjecture, as well as the £ 1 -Bass con- 
jecture ( see [8] ) is when this comparison homomorphism is an iso- 
morphism. In [TTJ, Meyer shows that this is the case for any group 
equipped with a polynomial length combing. This wide class includes 
the word-hyperbolic groups of Gromov [5], the semihyperbolic groups 
of Alonso-Bridson [TJ, and the automatic groups of Epstein- Thurston 
[2], however it does not include all finitely generated groups. 

Definition 4. A group G is isocohomological for an iSG-module M if 
there is a bornological isomorphism HP*(G; M) = H*(G; M). A group 
is isocohomological if it is isocohomological for C with the trivial SG 
action. 

We note here that Meyer's notion of isocohomological is more subtle 
than what is expressed in our notion. His notion requires that a certain 
chain complex is contractible, which yields an isomorphism between co- 
homology and polynomial cohomology, but it also implies other things 
[14]. It is a stronger notion that what we mean by the term. 

Let H and Q be finitely generated discrete groups with word-length 
functions £h and £q respectively, and let 

0^ H ^G ^0 

be an extension of Q by H, with word-length function £. ( We will 
consider if as a subgroup of G and in so doing, we will omit the i when 
considering an h G H as an element of G. ) Let q \— > q be a cross section 
of 7r. To this cross section we define a function [•,•]: Q X Q — > H by the 
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formula q{q 2 = QxQ^flii^- We call this function the factor set of the 
extension. We say that the factor set has polynomial growth if there 
exists constants C and r such that £h([Qi,Q2\) < + + 

^Q(<?2))) r - The cross section also determines an "action" of Q on H 
given by h q = q~ l hq. For nonabelian groups H, this need not be an 
actual group action, but we are following the terminology of Noskov. 
We say that the action is polynomial if there exists constants C and 
r such that £ H (h q ) < C£ H (h)(l + £ Q {q)) T '. Note that if Q is the finite 
generating set for Q and A is the finite generating set for H, then as 
the generating set for G we will take the set of h G A and q for q G Q. 

Definition 5. An extension G of a finitely generated group Q by a 
finitely generated group H is said to be a polynomial extension if there 
is some cross section yielding a factor set of polynomial growth and 
inducing a polynomial action of Q on H. 

An important consequence of this definition is that the word-length 
function on H is polynomially equivalent to the word-length function 
on G restricted to H . 

Lemma 7. Let G be a polynomial extension of the finitely generated 
group Q by the finitely generated group H . Then there exists constants 
C and r such that for all h G H we have £(h) < £ H (h) < C(l + £(h)) T . 

Proof. The right hand side of this inequality is Lemma 1.4 of [T5] . 
The left hand side is obvious as the generators of G contain a subset 
generating H. □ 

It follows that Se H H = Se\ H H. 

Lemma 8. SG = SH®SG/H as bornological SH -modules, where H 
is endowed with the restricted length function and G/H is given the 
minimal length function, £*(gH) = mim ie #£((3'/i), where £ is the length 
function on G. 

Proof. Let R be a set of minimal length representatives for right cosets. 
Let r : G — ► R be the map assigning to g, the representative of Hg. 
Each g G G has a unique representation as g = h g r(g), for h g G H and 
r(g) G R. There is an obvious equivalence between SG/H and SR. 
Consider the map : SG — > SH&SR given by <p(g) = (h g )®(r(g)). 
This is the desired bornological isomorphism. □ 

Corollary 3. A bornologically projective SG -module is a bornologically 
projective SH -module by restriction of the SG-action to an SH -action. 

Corollary 4. Let M be an SG-module. Then a bornologically pro- 
jective SG-module resolution of M is a bornologically projective SH- 
module resolution of M, by restriction. 
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Consider the following: 

SG® n ^ SG® 11 - 1 A ... A SG&SG ^ -4 C -> 



where 5 : 



567 



'(gin— 1 



is the usual boundary map given by 



n 



Xj, . . . , X n ) 



i=l 



and extend by linearity, where we have used the tuple (pi, . . . ,g n ) to 
represent the elementary tensor g\® . . . ®g n . 5 is a bounded map. 
Moreover, it is readily verified that s : SG® n — > l 5C f ® n+1 defined by 



and extended by linearity, is a bounded contracting homotopy for this 
complex. It follows that this is a bornologically projective resolution 
of C over SG. We call this the standard bornological resolution for the 
group G. By the above corollary, it is also a bornologically projective 
resolution of C over SH . 

Theorem 3. Let O^H^G^Q^Obea polynomial extension 
of groups, and let H be isocohomological. Then there is a bornological 
spectral sequence with E™ = HP P (Q; HP q (H; C)) and which converges 



Before we prove Theorem [3j we present some corollaries. 

Corollary 5. Let 0—>-H—>-G—>-Q—>-0 be a polynomial extension of 
groups, let Q be isocohomological with coefficients HP*(H; C), and let 
H be isocohomological. Then G is isocohomological. 

Proof. We compare the polynomial growth spectral with the usual spec- 
tral sequence for the group extension. The usual spectral sequence has 
Ei term H P (Q; H q (H; C)). Since Q and H are isocohomological we 
have HPP(Q]HP*(H',C))e*HP(Q',H*(H]C)), so that the two spec- 
tral sequences have isomorphic E 2 terms, hence they have isomorphic 
limits. □ 

A group G acts on £ 2 (G) via (g-f)(x) = f(g~ 1 x). This action extends 
by linearity to yield an action by CG on £ 2 (G) by bounded operators. 
The completion of CG in B(£ 2 (G)), the space of all bounded operators 
on £ 2 (G) endowed with the operator norm, is defined to be the reduced 
group C*-algebra, C*G. Let S 2 G be the set of all functions / : G — ► C 
such that for all k, ||/||2,fc < °°- The group G is said to have the Rapid 
Decay property if S 2 G C C*G, [9]. 



s(gi, ...,</„) = [1g,9i, ■■■,9n 



to HP*(G;C). 
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Theorem 4. [15] Let G be a polynomial extension of the finitely gen- 
erated group Q by the finitely generated group H . If H and Q have the 
Rapid Decay property, then so does G. 

Corollary 6. Let 0— >P^G— >Q^0 6ea polynomial group 
extension, let Q be isocohomological with coefficients HP*(H;C) , and 
let H be isocohomological. If both Q and H have the Rapid Decay 
property, G satisfies the Novikov conjecture. 

Proof. By Corollary [5j G has cohomology of polynomial growth. By 
Noskov, G has the Rapid Decay property The result follows from 
appealing to Connes-Moscovici. □ 



Throughout this section, we assume the hypotheses of Theorem [3j 
Let (P*,dp) be the standard bornological resolution for G, and let 
(R*, dp) be the bornological standard resolution for Q. As the P q are 
bornological iSG-modules, they are by restriction, bornological SH- 
modules. Q acts on H.oms H (P q , C) via the action (q(p) (x) — q-(f> (q^x), 
where 7 : Q — > G is a cross-section satisfying the polynomial extension 
properties. This extends to a bornological iSQ-module structure on 



Let C p ' q = Hom 5 Q(i?p, B.om SH (P g , C)). d P and d R induce maps 
5 P : C p ' q -> C p < q+l and 5 R : C p ' q -> C p+1 ' q respectively, given by the 
following: 



Lemma 9. With notation as above, dp and dp are bounded maps. 

Proof. Let / G B.omsQ(R p , B.omsH{Pq, C)). For every r G R p , we have 
by definition (Spf) (r) = f(dpr). Let S C C p ' q be an equibounded fam- 
ily, and let U C R p a bounded set, and consider (^S 1 ) [£/] = S[dpU}. 

As c?s is a bounded map, and U is a bounded set, we have that 
dpU is a bounded subset of R p -i and by equiboundedness S[d r U) is an 
equibounded family in Hom SH (P q , C). Thus <5r is a bounded map. 

Similarly, (S P f) (r)(x) = {-l) p f{r){d P x) for alia; G P,. Let S C C M 
be an equibounded family. Then for all bounded U C R p , S[U] is an 
equibounded family in Horns// (P 9 , C). That is, for all bounded sets 
V C P,, S[U][V] is bounded in C. 

(SpS) [U][V] = S[U][dpV]. As dp is a bounded map, we have that 
(SpS) [U][V] is bounded in C for all bounded U and V. Thus 5pS is 
an equibounded family, so 5 P is a bounded map. □ 



5. Proof of Theorem [3] 



Homs//(P„C). 



(*p/) (r)(x) 
W) (r)(x) 



(-ir/(r)(rfpo;) 
f(d R r)(x) 
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It is clear that S R = 5p = 0. Moreover, 5r5p + 5p5p = so that C p ' q 
is a double complex of bornological vector spaces. Our goal is then to 
apply the machinery of section [3] to the spectral sequence to which this 
double complex gives rise. 

Consider the rowwise filtration on this complex. For a fixed q we 
have the complex 

As R p is a free iSQ-module, we have that R p = SQ<§)R' p for some R' p . 
Using the adjointness properties of the bornological projective tensor 
product we have that 

Rom SH {P q ,C) = Hom SH (SG®A q ,C) 
= Hom(SQ® A g , C) 



By using P g = SH&P^ = SG®A q we see 

C p > q Rom SQ (R p ,}lom SH (P q X)) 

= Kom SQ (R p ,Rom(SQ®A q ,C)) 

= Eom{R p ® A q , C) 

= Hom(i2p,Hom(A 9 ,C)) 

The bounded homotopy for the complex induces a contraction on 
C*' q , so that E p ' q = for p > 1, while E°' q = Hom 5Q (C, Rom SH (P q , C)) 

Lemma 10. Let F be a bornological SG-module. Then there is a 
bornological isomorphism Hohi,5q(C, Hom,5^(F, C)) = HomgciF, C) 

Proof. Define a map \& : Hom,sQ(C, Homs#(.F, C)) — > RomsciF, C) by 
^ (£)(/) = £(!)(/)■ Assume that g has the decomposition hq. Then 
for £ G Hom SQ (C, Hom^ (F, C)) 

*(0G//) = tWOvf) 

= Hqq- 1 ■ Z(l)(qf) 

= 9 -tir 1 '!)(/) 

= •«!)(/) 

= <? •*(£)(/) 

so that is actually iSG-equivariant. Let U be an equibounded fam- 
ily in Houlsq(C, H.omsH(F, C)). Then Z7[l] is an equibounded family 
in Hom,s^(F,C) C Hom(F,C). But tf(C/) = C/[l] C Hom 5G (F,C) C 
Hom(F, C) so ^ is a bounded map. 



20 



BOBBY W. RAMSEY 



Consider the map $ : Hom^G^F, C) — > Hom5g(C, Hom^p^F, C)) 
given by $(<p)(z)(f) = <p(zf), for all <p G Hom 5G (F,C), 2 G C, g G Q, 
and / G F. 

<%)(?*)(/) = <%)(*)(/) 
= <p(zf) 

It follows that $(</?) is 5<5-equivariant. Moreover for h G H 
*(<p)(z)(hf) = y{zhf) 
= <p(hzf) 
= h-ip(zf) 
= h ■ $(<p)(z)(f) 

So that <S>(tp)(z) is iSF-equivariant. Let U be an equibounded family 
in HomsG^F, C) C Hom(F, C). Thus for any bounded KcFwe have 
that U[V] is bounded in C. Let B be a bounded subset of C. Then 
<5>(U)[B][V] = U[BV\. Since B is bounded in C, and V is bounded in 
F we have that BV is bounded in F, so that C/[SV] is bounded in M. 
It follows that $ is a bounded map. 

a (*)(/) = 

= 

= ^(i)(/) 
= *(*)(/) 

*(*(*>))(/) = 

= ¥>(/) 

So that and * ($(</?)) = V- Tnus * and $ are the desired 

bornological isomorphisms. □ 

Applying this lemma we have identified F^' 9 = Hom < 5G(P 9 , C). As P* 
was a projective iSG-complex, we obtain that the E2 term is precisely 
HP*{G; C), and the sequence collapses here. 

We now examine the columnwise filtration on the double complex. 
For a fixed p we have the complex 

ftp ^p,* ^ip,*+i ftp 

Note that dp induces a map dp : Hom5p(P (? , C) — > HomsH{Pq+i, C) 
by dp(</?)(x) = (p(dpx). 
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Lemma 11. 

ker^p = HomsQ(R p , ker d* P ) 
im<5p = Hoklsq (P p , im d* P ) 

Proof. If ip G ker<5p, then for all r G R p , (5pip)(r)(x) = for all 
x G P*. (5p(/?)(r)(a;) = (— l)*(p(r)(dpx), implies <p(r) G ker (ip for all r, 
so ker<5p C HomsQ(P p , ker dp). If £ G Houl,sq(P p , ker (ip) then for all 
r G R p , d* p £(r) = 0. That is £(r)(d P x) = for all x G P*, and 5 P £ is 
the zero map, establishing Hohisq(P p , ker d* P ) C ker<5p. 

If (f G im<5p then there is a such that 5p<f) = (p. For all r and x, 
y>(r)(a:) = {-l) p <p{r)(d P x) = (-iydp(<p(r))(x). It follows that (p(r) G 
imtfp, so im<5p C Hom 5 g(P p , imifp). If £ G Hom <S Q(P p , im (ip), then 
for all r there is a ^(r) G Hom 5 # (Pg, C) such that £(r) = d P ip(r). That 
is, for all x, £(r)(x) = ip(r)(dpx). 

ip(qr)(dpx) = £,(qr)(x) 

= 1- {£{r)(q- l x)) 

= Q-{^ir){dpq~ 1 x)) 

= q- (^(^(q^dpx)) 

It follows that ip is an SQ-module map, so Hom (S Q(P p , imd* P ) C im5p. 

□ 

Lemma 12. Homsg^p, ) = % tmd*') 05 bornological vector 
spaces. 

Proof. Consider the map $' : Hom,5Q(Pp, ker d* P ) — > Hom 5 Q(P p , ) . 
The kernel of this map consists of exactly those maps whose image 
lies in the image of d* P , so ker$' = Hom5g(P p , imd* P ). Consider 
$' : Hom(P p ,kerdp) -> Hom(P p , where P p is as above. - — = 

HP*(H;C) which, since H is isocohomological, is bornologically iso- 
morphic to H*(H; C), an algebraic vector space endowed with the fine 
homology. Thus the projection 7 : kerrfp — > gives a bornolog- 

ical quotient 7' : kerrfp — > H*(H;C). Let V be a basis for the al- 
gebraic vector space H*(H;C). For each t> G V, let T'(v) be an 
element of ker dp such that 7'(T'(t>)) = v, and extend by linearity. 
This gives a linear T' : H*(H;C) — > kertfp, which serves as a cross- 
section of 7'. As H*(H;C) is endowed with the fine homology, T is 

ker 

a bounded map. This induces a bounded T : imd f — > kerrfp For 
each £ G Hom(P p , £Jf), there is T*(£) G Hom(P p , ker dp) given by 
T*(0(r) = T(£(r)). ^(T*(f))(r) = £( r ), so is surjective. $' then 
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induces a bounded bijection $ : SZ%Sp) ~> H o m (^> £f)- 

Hom(i?p, ker d* P ) = Hohi 5 q (R p , ker d* P ) 

C Hom 5Q (i?p,Hom <S H(-P g ,C)) 
Hom(i?;,Hom(P g ',C)) 
Hom(i^®i*C) 

As i?p and P' q are tensor products of Frechet spaces, R' p ®P' q itself is 
a Frechet space in its canonical bornology. By Lemma [31 Lemma 

[H and Lemma [2] we have that Hom^'imd*") nas a ne ^- Moreover 
Hom(i?p, ker d* P ) is a complete bornological space. Applying Theorem 
|2] we obtain the result. □ 

Using the columnwise filtration on our double complex, we have that 
the Ei term is bornologically isomorphic to Hom ( 5g(i? p , HP q (H; C)). It 
follows that E 2 is isomorphic to HP P (Q; HP q (H; C)). As this spectral 
sequence converges to the same sequence as that obtained from the 
rowwise filtration, we have convergence to HP*(G;C). 
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